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Abstract

Single-pixel imaging is a method of computational imaging that allows to obtain images
of objects using a photodetector that does not have spatial resolution. In this method, the ob-
ject is illuminated by light having a special spatio-temporal structure, — light patterns, and a
single-pixel photodetector measures the total amount of light reflected from the object. The
possibility of obtaining an image and the image quality are closely related to the properties of
the applied patterns and computational algorithms. In this paper, we consider patterns ob-
tained from modified Hadamard matrices and study the features of image calculation using
single-pixel imaging. We show the possibility of reducing both the sampling time and the
computational resources required to obtain images by modifying the pattern system. The
proposed theoretical method can be used in the practical implementation of the single-pixel
imaging method in an experiment.
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1. Introduction

Standard imaging techniques rely on photosensitive elements with spatial resolution, such
as photographic film or electronic matrix sensors. Single-pixel imaging (SPI) is an alternative
imaging method in which the photosensitive element has no spatial resolution, that is, it is
represented by only one pixel. The image in this method is not registered by a photosensitive
element, but is calculated, or reconstructed [1].

Using just one pixel has a number of advantages over the matrix-based imaging. Firstly,
the spectral sensitivity of a single-pixel detector can be selected from a very wide range, in
contrast to a matrix sensor. If we consider only the visible and near-infrared range of light,
then the existing technology of mass production of silicon matrices makes them outstanding
in terms of price, resolution, and performance. However, if we are interested in the spectral
range beyond the spectral sensitivity of silicon, then the characteristics of existing matrices
deteriorate significantly compared to silicon ones. For example, relatively inexpensive silicon
matrices with a resolution of tens of megapixels are currently available, while in the short-
wave infrared range (around a wavelength of 1.5 microns) or long-wave infrared range
(around a wavelength of 10 microns), the resolution of the best matrices is about 1 megapixel,
the price increases by orders of magnitude, and their practical availability is severely limited.

Secondly, the mode of operation of a single-pixel detector is also much more flexible. For
example, it can be a detector operating in the single-photon mode, which is important for reg-
istering very weak signals at the single-photon level in quantum information science. Detect-
ing such signals in the telecommunications shortwave infrared range is a technically difficult
task. One of the modern solutions is a matrix based on an array of superconducting detectors
with a resolution of 1 kilopixel (32 by 32 pixels) [2]. With the single-pixel imaging, it is much
easier to obtain the same resolution, using only one superconducting detector [3]. In addi-
tion, it is much easier to implement new types of detection with a single detector, for exam-
ple, to discriminate weak signals with minimal error [4-7].
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A distinctive feature of single-pixel imaging is that the image in this approach is calculated
based on the use of a sequence of different light patterns. In this case, we measure not the
spatial distribution of light intensity (which is what the matrix sensor does), but its integral
amount corresponding to each pattern. Therefore, an important element of a single-pixel im-
aging system is computational resources, without which the method cannot work. Modern
computational algorithms can restore an image even with an incomplete set of measurements
using compressed sampling methods [9,7] or machine learning [10-13]. A disadvantages of
the single-pixel imaging method is that the resolution of the calculated image is relatively low.
The capabilities of the SPI technology are usually demonstrated at low resolutions, for exam-
ple, 32 by 32 pixels, and rarely exceed 128 by 128 pixels. This is due to the fact that increasing
the resolution requires an increase in data acquisition time (more light patterns are required)
and more computational resources for image reconstruction algorithms to work.

In this paper, we investigate the possibilities of reducing the number of patterns and in-
creasing the resolution of images in the SPI method via the use of light patterns based on
modifications of Hadamard matrices. In particular, we show what limitations arise related to
the computing resources of the SPI, and how they can be overcome using modified Hadamard
matrices. We also propose new approaches to increasing the resolution of the SPI, taking into
account the realistic limitations of computational resources.

2. Scaling the image resolution in the single-pixel imaging
method

Let’s start with the basic definitions of the SPI method. The desired image of an object is
traditionally represented as a matrix 0, each element of which represents a pixel. In the case
of color images, a pixel consists of three brightness values of the red, green and blue chan-
nels; in the case of gray images, a pixel is represented by one value of total brightness, nor-
malized from o to 1, where 0 corresponds to black and 1 to white. We will consider the latter
case (gray images), and for simplicity, we will consider the image to be square with a size of
n X n pixels. Thus, in the case we are considering, the total number of elements in the matrix
0 is N = n? real numbers from o to 1.

The object is illuminated by spatially inhomogeneous light (the object is sampled by a light
pattern), which has a certain brightness distribution over the object, which can also be repre-
sented by a n X n matrix p, the elements of which are normalized from 0 to 1, where 0 is the
minimum (zero) illumination, and 1 — maximum illumination. We refer to a pixel with the
maximum brightness (one) as a light pixel, and with the minimum (zero) — as a dark pixel.

Next, we measure the total amount of light reflected from the object (or a value propor-
tional to it), which is determined by the component-by-component product of the matrices
s = X1'j=1pij 0. The signal measured in this way is a single real number, and the greater it is,
the better the coincidence of the dark and light pixels of the object and the light pattern.

By sequentially changing p, patterns and measuring the corresponding s, signals, we can
create a system of linear equations of the form

Px0=S5, (1
where P = {p;,p,, ..., by} — this is a M X N matrix, where each row of length N consists of a
one-dimensional representation of a light pattern with sequential numbering of all pixels in
the pattern, 0 — a column of N elements (pixels of the desired image, numbered by one index
line by line), and S = {s4, s, ..., Sy} — a column of M measured signals. Then the calculation,
or reconstruction, of the image of the object O is the solution of a system of linear equations
(1). The standard way to solve a system of linear equations (1) in matrix form is represented
as
0=P1xS. (2)

This requires that the matrix P is a square matrix, that is, the number of patterns must be
equal to the number of pixels in the desired image, and all patterns must be linearly inde-
pendent (the determinant of P is nonzero).



An unobvious point is related to the calculation of the inverse matrix P. In general, the ma-
trix P represents illumination of each pixel in each pattern. Spatially inhomogeneous light
patterns can be physically implemented in different ways. At the quantum level, it is possible
to control the spatio-temporal shape of the wave function of individual photons [14-16]. At
the level of classical light, one can use a random speckle pattern [17], or create an arbitrary
light distribution using a spatial light modulator [18]. There are two main technologies for
digital spatial light modulators: liquid crystal and micro mirrors. In both cases, initially ho-
mogeneous light falls on a matrix of elements, the reflection or transmission of which can be
controlled independently of each other. In the case of liquid crystal modulators, the light
transmission coefficient can continuously change from o to 1, and in the case of micro-mirror
modulators, the reflection coefficient is discrete: either o or 1. Accordingly, in the first case,
one can create a matrix P with real coefficients, and in the second case — from integers.
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Fig. 1: The calculation time of the inverse matrix P~! (in seconds), depending on the linear
size n of the image. Statistical averages and standard deviation are shown for a set of 30 ran-
dom matrices of each size.

As we have already noted, the size of the P matrix is determined by the desired resolution
of the final image. To obtain an image O with a size of n X n pixels, it is required to reverse the
matrix P with a size of n? x n2, which leads to a rapid increase in the required computational
resources. Let’s consider scaling the time to invert a random matrix consisting of 0 and 1 (we
obtained similar results for random matrices consisting of real numbers from o0 to 1) when
using a conventional medium-sized laptop (quad-core Core i5 processor, 1.4 GHz). Calcula-
tions were performed in Wolfram Mathematica using the standard function Inverse[P]. For
different n, 30 random P matrices of size n? x n? were created and the time to invert each
matrix was measured. In Fig. 1 we show the calculation results for n in the range from 10 to
20, from which it can be seen that adding two pixels to the linear resolution of the image ac-
tually doubles the calculation time of the inverse matrix. For 16 by 16 images (that is, the P
matrix of a size 256 by 256), the calculation time is about 1 second, for 32 by 32 images — a
few minutes, and for 50 by 50 images — about a day. Despite the fact that the speed of calcu-
lations can in principle be increased by choosing other software or hardware, the scaling of
the calculation time means that it is impossible to significantly increase the image resolution
in this approach in practice. Even considering that the inverse matrix needs to be calculated
only once, and then only matrix multiplication of the inverse matrix by the measured se-
quence of signals is required, the calculation time of the inverse matrix is still a limiting factor
for obtaining a sufficiently large resolution, for example 100 by 100 pixels or more.



3. Hadamard matrices and their modifications
for single-pixel imaging

One of the possible solutions to the problem of obtaining high-resolution images by the
SPI method is to use matrices for which an analytical expression for the inverse matrix is
known. The obvious case is the choice of P = Ey, where Ey is a unit matrix of a size N X N.
The undoubted advantage of this choice is an extremely simple way to calculate the image
0 = S. Each pattern consists of only one light pixel, and in different patterns this light pixel
changes its index, that is, with this pattern, the object is sequentially “scanned” by one “run-
ning” pixel, and the amount of reflected light directly corresponds to the image of the object.
The disadvantage of this choice of patterns is the small amount of reflected light, since only
one pixel out of n? is illuminated, which in practice leads to a small signal-to-noise ratio
[3,18,19].

To increase the signal-to-noise ratio, it is advisable to choose the P matrix such that the
number of light pixels is greater. In practice, Hadamard matrices are a frequent choice of ma-
trices of the pattern system for SPI. According to the standard definition, the Hadamard ma-
trix Hy is a square matrix consisting of +1 and —1, the rows of which are orthogonal to each
other. One of the properties of Hadamard matrices is the ability to quickly calculate the in-
verse matrix Hy!, based on the orthogonality property: Hy * H; = N - Ey. According to
Hadamard’s hypothesis, Hadamard matrices exist for all N multiples of 4, although for the
purposes of SPI, the question of constructing Hadamard matrices of arbitrary size is not very
important. As we have already noted, we can consider square images with a linear size equal
to a power of two (16 by 16, 32 by 32, etc.): n = 2¢. In this case, there is an explicit construc-
tion of Hadamard matrices in a recursive form (Sylvester construction):

Ho = (¢ ), 3

Here, the index d for the Hadamard matrix H; means a matrix of a size 2% x 2%, and in the
right part, parentheses show a matrix composed of four matrices, that is, the linear size of
Hg,,, is twice the linear size of H;. At the first step of such a recursive construction, there will
be a matrix of one element H, = 1. Note that a similar recursive construction is found in other
areas, for example, when constructing a complete set of generalized Bell states [20].

An important property of Hadamard matrices is that these matrices have the greatest de-
terminant among all matrices with elements of +1. This means that the system (1) is well-
conditioned and its solution will be stable in numerical calculations under the presence of
noise in the measured signal.

To implement inversion of the matrix H,; through its transposition, it is possible to normal-
ize its elements so that the determinant is equal to 1. Then the elements of the matrix are
equal to +1/2%? instead of +1. Inversion of such a modified Hadamard matrix H}; = H,/2%/?
is a transpose operation (H;)~! = (H})T, which is computationally simple even for high image
resolution.

The problem with implementing the matrix of the pattern system in the form of Hadamard
matrices is that it is a matrix of positive and negative numbers (41 for H; or +1/2%/2 for H}),
and the light patterns should consist of of non-negative numbers, since they are related to il-
lumination (or the transmission of light through a spatial light modulator), which cannot be
negative.

For this reason, a pair of patterns are used in SPI instead of one pattern formed out of a
Hadamard matrix. The first pattern from this pair consists of a row of the Hadamard matrix,
where negative elements are replaced by 0, and the second pattern from this pair is obtained
from the first pattern by replacing o by 1 and 1 by o, that is, the second pattern is a “negative”
of the first one. Next, two signals s* and s~ corresponding to the first and the second patterns
are measured, and the difference between these signals s* — s~ is taken. This differential sig-
nal effectively corresponds to a pattern consisting of +1 and —1, that is, the original Hada-



mard matrix. Indeed, if we consider the pixel-by-pixel difference of such patterns, then in the
case when a given pixel in the first pattern is 1, in the second pattern it is 0, and the difference
is 1 — 0 = +1. If this pixel in the first pattern is 0, then in the second pattern it is 1, and the
difference is 0 — 1 = —1. Thus to implement the Hadamard pattern system in the SPI, a dou-
bled set of patterns has to be shown, which doubles the exposure time of the object.

Patterns
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Fig. 2: A set of 4 by 4 pixels square patterns (left), based on a 16 by 16 modified Hadamard
matrix (right). For clarity, the eighth pattern is graphically highlighted, and its correspond-
ence to the eighth row in the Hadamard matrix is shown: line-by-line numbered pixels in the
pattern make up a row in the Hadamard matrix.

In Fig. 2 the patterns formed from the rows of the Hadamard matrix with the replacement
of —1 by 0 are shown on the left. For clarity, the image size is 4 by 4 pixels, and the Hadamard
matrix (shown on the right) has a size of 16 by 16. As an example, the eighth pattern is graph-
ically highlighted, and its correspondence to the eighth row in the Hadamard matrix is
shown.

Let’s pay attention to a number of peculiarities of patterns based on Hadamard matrices.
The first pattern (for an arbitrary image resolution) is always completely light, since the first
row in the Hadamard matrix consists of only +1. Accordingly, the first pixel in each pattern is
also always light (the first column in the Hadamard matrix consists of only +1). Further, for
each pattern in the set, there is a pattern transposed to it. In Fig. 2 the patterns are arranged
in a 4 by 4 table, and the pairs “pattern —the pattern transposed to it” are noticeable as sym-
metrical pairs relative to the diagonal of the table. Some patterns match the transposed ones
(shown diagonally in the table). An important advantage of patterns based on Hadamard ma-
trices is that the number of light and dark pixels in all patterns is the same (except for the
completely light first pattern), which greatly increases the signal-to-noise ratio in the practi-
cal implementation of an SPI system.

As we noted above, the standard use of Hadamard matrices in SPI requires a doubled set
of patterns. Let’s show a way to reduce the required set and leave the number of patterns
equal to the number of pixels in the image. Note that if we take not the difference between the
signals s* and s~, but the sum of s; = s* + s, then the result corresponds to a pattern con-
sisting only of light pixels (1+ 0 = +1 and 0 + 1 = +1), which is the first pattern from the
Hadamard matrix. Then we do not measure the signal s~, but consider itas s~ =s; —s™, and
the desired differential signal is s* — s~ = 2s* — s,. In this case, there is no need to show a
doubled set of patterns and the exposure time is halved compared to the standard method.

Note that the inverse matrix P~! in this approach is no longer equal to the transposed one.
To modify the Hadamard matrix H' with the normalization of the determinant by 1, we have
the matrix

P=(H -2%?+1)/2, (4)
then the inverse matrix is equal to
p-1 = Hl/z(d—Z)/Z (5)



with the replacement of the first element by 1/2471 — 1.

The resulting relationship between the Hadamard matrices defined by recursive construc-
tion (3) and the matrix P~! makes it possible to significantly simplify the calculation of the
image O compared to the method of direct matrix multiplication (2). The fact is that matrix
multiplication requires storing the entire matrix in the computer memory, which requires a
lot of computing resources for a large number of pixels in an image. For example, for a 100 by
100 pixels image, the matrix P has a size of 10000 by 10000, which is 108 elements that need
to be calculated and stored in the memory. However, a fairly simple linear relationship be-
tween the matrices (3), (4) and (5) allows us to calculate the coefficients of the matrix P~? el-
ement by element independently of each other. From the construction (3), one can get a di-
rect expression for the elements of the normalized Hadamard matrix in the form

1
(Hc,l)mn = 2d/2 (_1)kaknk! (6)

where the sequences m, and n; are the binary representation of the numbers m and n (row
and column number), respectively. In this way we avoid calculating and storing the entire P!
matrix at once, which is extremely convenient when implementing image calculation in a
practical SPI device at the level of microcontrollers and field programmable gate arrays.

4 Block sampling

Obtaining high-resolution images by selecting very large Hadamard matrices is not the
most optimal solution from a practical point of view. The problem is related to the fact that
when the image resolution is, for example, 256 by 256 pixels, 65536 patterns consisting of
65536 bits are needed, which requires about half a gigabyte of memory, with appropriate
scaling when choosing even higher resolutions. For the electronics that control digital spatial
light modulators, this can cause difficulties with implementation.

Let’s consider another approach to scaling the image resolution by splitting the original
image into blocks. The idea is that we can sample the original image not entirely at once, but
in separate parts, for example, in rectangular blocks. Note that when obtaining a one-
dimensional representation of the light pattern (1), we used square matrices in connection
with the use of Hadamard matrices with a linear size equal to the power of two. With the re-
verse transformation, we can split the column O into a matrix that is not necessarily square.
For example, an 8 by 8 pixel image requires 64 patterns, each of which is represented by an 8
by 8 binary matrix. However, we can use a block-wise partition of the image into 4 parts, each
measuring 4 by 4 or 8 by 2, and sample each part with patterns based on a 16 by 16 Hada-
mard matrix, similar to how a 4 by 4 square image is sampled. The limiting case of such a
partition is a set of 16 one-dimensional images of a size 16 by 1.
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Fig. 3: A set of rectangular 8 by 2 pixels patterns (left), based on a 16 by 16 modified Hada-
mard matrix (right). For clarity, the eighth pattern is graphically highlighted, and its corre-
spondence to the eighth row in the Hadamard matrix is shown: line-by-line numbered pixels
in the pattern make up a row in the Hadamard matrix.




For illustrative purposes, in Fig. 3 rectangular patterns of a size 8 by 2 are shown on the
left, formed from rows of a Hadamard matrix of a size 16 by 16 with the replacement of —1 by
0. As an example, the eighth pattern is graphically highlighted, and its correspondence to the
eighth row in the Hadamard matrix is shown, similarly to Fig. 2.

The time of complete sampling of the image is determined by the sum of the sampling
times of all blocks of patterns, and the time of image calculation is the sum of the calculation
times of all blocks of the image. In the case of Hadamard matrices, we use a complete set of
patterns, so the total sampling time does not change compared to sampling with a larger
Hadamard matrix, but the image calculation time decreases, since smaller matrix operations
are required. For example, calculating a 1024 by 1024 image requires matrix multiplication
with a matrix size of 22° x 229, which is unrealistic. In our approach, to obtain such a resolu-
tion, block sampling can be performed with 64 blocks of 1282 = 16384 pixels, which is quite
easy to implement on a medium-sized computer. Note that the general calculation of all indi-
vidual blocks can be implemented more efficiently using specialized hardware and software,
for example, graphics cards and parallel programming.

This approach can be implemented in an experimental setup, the schematic diagram of
which is shown in Fig. 4. To obtain a high resolution of the object (schematically depicted
tree), the spatial light modulator creates light patterns with unequal vertical and horizontal
resolution (in this example, the vertical resolution is higher than the horizontal one). Next,
the part of the object that overlaps with such patterns is sampled and reconstructed. After
that, the sequence of patterns is repeated again, but shifted along the coordinate with a lower
resolution. In this way the image of the entire object can be reconstructed, the final resolution
of which may be significantly higher than the resolution of the system of patterns used.

Note that in addition to a simpler implementation, taking into account the realistic limita-
tions of the control electronics, the proposed method opens up a number of new possibilities.
For example, in this way it is possible to obtain a non-uniform resolution over the entire im-
age field. In particular, when restoring an image, we can analyze which parts of the image
have small-scale structures (neighbouring pixels differ greatly in intensity), and further in-
crease the resolution of patterns only for these parts of the image. As a result, sampling time
can be significantly reduced, while obtaining highly detailed image. The proposed method can
also be used in combination with other image reconstruction methods, for example, com-
pressed sampling [21].

S

Fig. 4: A schematic representation of a possible experimental implementation of single-pixel
imaging with block sampling. To obtain an image of an object, the spatial light modulator
(SLM) creates a high-resolution light pattern along one of the coordinates (in this case, the
vertical), while the resolution decreases along the other coordinate. Such a pattern covers on-
ly a part of the object, the photodetector (PD) measures the amount of light from only a given
illuminated part of the object, and the image is reconstructed only for this part. Next, the pat-
tern is shifted along the horizontal coordinate, and the sampling process is repeated.




Conclusion

We have considered the method of single-pixel imaging using light patterns obtained from
the modified Hadamard matrices. We have shown that it is possible to reduce the sampling
time of an object by reducing the number of patterns compared to the standard approach
used in most modern works. To do this, we modified both the matrix of the patterns and the
corresponding inverse matrix, and also changed the procedure for measuring the signal from
a single-pixel detector. If the sampling time is fixed, then the proposed method improves the
image quality by increasing the signal-to-noise ratio. For the proposed modification of the
pattern matrix, we have shown the procedure for calculating the image without directly calcu-
lating the entire inverse matrix at once. Further, we have shown that using single-pixel imag-
ing with Hadamard matrices, provided realistically limited computing resources, it is possible
to obtain high-resolution images via the use of block sampling, with appropriate modification
of the applied light patterns.

The software developed and used in this article has no license restrictions.
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