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Abstract

Problems associated with data visualization in multidimensional space are considered.
One option discussed is the use of Riemannian space with variable curvature in magnitude
and sign for modeling the visualization space. The Hilbert-Einstein, Winslow, and Beltrami
equations are considered for modeling the visualization and perception space using geometry.
The Beltrami equations can, to some extent, mitigate the problems associated with visualizing
multidimensional functions, but are limited by two-dimensionality. The use of Hilbert-
Einstein equations is complicated by both the ambiguity of interpreting a priori information
and technical difficulties. The most promising approach appears to be the use of Winslow-
type equations, which correspond to the construction of harmonic coordinates for the Hil-
bert-Einstein equations.

Keywords: multidimensional space, visualization, Riemannian space, Beltrami equa-
tion, Winslow equations, Hilbert-Einstein equations.

Introduction

Working with multidimensional data represents one of the most interesting and promising
areas of scientific visualization. This includes, in particular, the visual analysis of multidi-
mensional functions, such as the probability density function in the Boltzmann equation (in
the simplest case f(x,y,z,u,v,w)) and the multiparameter solution of the Navier-Stokes

equations.
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wave function in the configuration space when solving multi-particle problems of quantum
mechanics, and many others.

However, visualization of multidimensional functions (even in the case of a scalar function
f(x),xeR") for d >6 is complicated by both technical problems (the required memory and
performance increase catastrophically with increasing problem dimension (“the curse of di-
mensionality”)) and geometric problems associated with the difference in the properties of
multidimensional spaces from the standard two- and three-dimensional spaces [1,2]. First of
all, these include the effect of concentration of measure (Measure concentration), in which
most of the volume is concentrated near the surface of the body. The volume of objects of
characteristic size |1<[0,1] (along one coordinate) in d -dimensional space changes as ~1°.
This affects both the representation of known functions (especially in the form of two-
dimensional sections) and the approximation of unknown multidimensional functions (when
searching for their singularities, maxima, minima, etc.).
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Multidimensional data is typically defined on a set of points in space that corresponds not
to a regular multidimensional grid, but to a set of points (with a much smaller number of
nodes). A common approach to visualizing and analyzing multidimensional data is dimen-
sionality reduction and the transition to two- and three-dimensional objects [3]. Dimension-
ality reduction can be accomplished either by intuitively selecting the most important varia-
bles or in a more formal way, for example, using principal component analysis (principal
component analysis (PCA)). Also often used is a set of sections by planes along some path
(tour path) [4, 5], this allows us to find and visualize certain data features, such as holes. We
consider data as a set of function values on a certain ensemble of points in space (hypercube,
hypersphere). Situations are common where a multidimensional function can be defined by a
certain ensemble of points or implicitly, using some algorithm. In both of these cases, the
simplest approach seems to be constructing the function at the nodes of a regular grid. Unfor-
tunately, in the multidimensional case, constructing a regular grid is essentially prohibited by
the curse of dimensionality (in the 6-dimensional case, using 100 nodes for each coordinate,
we obtain 100° =10" grid nodes, which creates serious difficulties for standard computing
equipment). A more realistic approach is to construct the function as values on a random en-
semble of nodes.

A clear drawback of this approach is the failure to take into account the specific features of
multidimensional spaces. For example, Figure 1 shows a cross-section of a 6-dimensional cu-
be Cub e R® with a side 2/10 along each coordinate by a plane, which provides a visual repre-
sentation of the significance of this cube in terms of its dimensions. Unfortunately, this repre-
sentation is completely inadequate. In reality, the ratio of the volume of this cube to the vol-
ume of the cube containing it is equal (2/10)°® =1/13825~ 7-10° and quite small, correspond-
ing to a point. Figure 2 shows a visualization of a 6-dimensional function taking the value of
unity on this cube. This representation is also inadequate (in six-dimensional space, the fig-
ure in question would be more successfully illustrated by a needle). Thus, a naive 2D visuali-
zation of a 6-dimensional figure radically exaggerates its significance in terms of volume.
Moreover, the error in the average calculated over these nodes is independent of the dimen-
sionality of the space and is determined by the number of nodes in the ensemble, which is the
main advantage of the Monte Carlo method for calculating integrals. However, when using
the Monte Carlo method with uniform sampling, there's a high probability that a feature with
a small volume (like the function described above, Fig. 2) will not be detected, as it will fall
between nodes. This is especially true for resolution in the vicinity of the hyper-
cube/hypersphere center.

Fig. 1



Fig. 2

Figures 3 and 4 present a visualization of this section using coordinate transformation
(10), corresponding to the presence of a priori information in the form (11). These images
much better reflect the importance of the figure in terms of the volume it occupies in six-
dimensional space. Here, we have an effect opposite to the "giant moon" effect, in which a
priori information increases some volume in the visualization space.

Fig. 4

1. Non-Euclidean geometry of the space of perception

It should be noted that the space of human visual perception (perceptual space (percep-
tion space)) is not a linear projection of the observed physical space onto the plane of the ret-



ina. The simplest example, which everyone has encountered, is the “huge moon effect”, due to
which the size of the Moon near the horizon appears significantly larger than near the zenith.
Such a transformation is possible by switching to a curvilinear coordinate system either in
Euclidean space or in non-Euclidean space. There is a large body of work devoted to the anal-
ysis of the geometry of the space of visual perception. In [8], it is argued that perceptual
space is Lobachevsky space (has constant negative curvature). In [9] it is argued that the
perceptual space is a Riemann space with positive curvature. In [10] it is indicated that per-
ceptual space is a Riemannian space with a curvature of variable sign, smoothly changing
with distance from the observer: with negative curvature at close distances and positive cur-
vature at long distances. In the work [11], experimental data are presented confirming the as-
sumption of the presence of a curvature of variable sign; however, according to these data, the
change in sign of the curvature occurs upon reaching the height of the eye level (it changes
not with distance, but with height).

Overall, there's little doubt that perceptual space is a three-dimensional Riemannian space
of variable curvature and sign. However, there's currently no consensus on its precise struc-
ture. This may be due to both individual differences between people and the dependence of
this space on the object of observation and a priori information about it.

Nevertheless, it can be considered that, within the framework of human vision, a certain
region of external three-dimensional Euclidean space is projected onto perceptual space (a
certain three-dimensional Riemannian space of variable curvature). This corresponds to a
transformation of the points of the tangent space and the points of the Riemannian manifold
(exponential and logarithmic maps) [12, 13]. With such a transformation, both the metric
tensor and the curvature of the space change.

Thus, within the framework of human vision, three spaces can be distinguished: physical,
visualization space, and perceptual space. Scientific visualization (as a technique for data
analysis) utilizes a region in some intermediate space, the visualization space, most often
two-dimensional (a sheet of paper, a screen), but in some cases three-dimensional (stereo
glasses). This allows for a transition to a new curvilinear coordinate system defined by the Ja-
cobian matrix and the corresponding metric tensor. The distance between points A,B in Eu-

clidean space with Cartesian coordinates is defined as ds*=&,,(x; —x7)(x, —X), in non-
Euclidean space ds”=g,,(x}'—x)(x, —X2), and in Euclidean space with curvilinear coordi-

nates ds®=§,,(u;' —u®)(us—u’), where §,, is a metric tensor that increases (or decreases) a

certain volume proportionally ,/detd;, .

A natural attempt is to isolate the features of interest to us using the corresponding metric
tensor and the transition to new curvilinear coordinates. Assuming the proportionality of the
metric tensor (in the transition from Cartesian to curvilinear coordinates) to some a priori
given positive function §;,(u;)~ p(x,y,z). We can obtain coordinates in which, where

p(X,y,2) is greater, the spatial step is greater also. Thus, within the framework of Euclidean
space, prior information about the value of a certain volume of space can be determined by
the metric tensor field §,(u;) in curvilinear coordinates.

Currently, the visualization space is generally (with the exception of medieval paintings
[10]) assumed to be Euclidean ( g, =J, ). However, the question of the advisability of using a

Euclidean metric for the visualization space is nontrivial. On the one hand, to avoid addition-
al distortions, it would be natural for the visualization space to have the same metric as the
perceptual space. On the other hand, when visualizing multidimensional spaces, the transi-
tion from a Euclidean metric to a non-Euclidean one in the visualization space may be deter-
mined by entirely different reasons, and it may turn out that the metric of the visual space
should not coincide with the metric of the perceptual space.



But in general, the transition to a non-Euclidean metric for the visualization space does not
seem unnatural, since it is ultimately already accomplished in the transition from three-
dimensional physical to three-dimensional perceptual.

Next, we will consider the visualization possibilities provided by the transition to both cur-
vilinear coordinates in Euclidean space and non-Euclidean space.

2. Space modeling capabilities perception using
the Hilbert-Einstein equations

In work [10] It is proposed to model perceptual space using the Hilbert-Einstein equa-
tions. Indeed, in a fairly general case, the metric of non-Euclidean space can be described by
Hilbert-Einstein -type equations.

,, —1/29,,R+Ag,, =-T*, (2)
which relate the Ricci tensor R, =R, , R, =0,I'} —d,n, +I'm 5, —Thh,, (the convolution
or,, ol

of the rank 4 curvature tensor R* +I7 Iy —T7,I7 ), the curvature R= g""R

T oxe ax
(Ricci  scalar), metric tensor g,,, stress-energy tensor, Christoffel symbols
T? = gﬁ(s (agaﬁ + agé"y _ agay .
w2 tox Xt ox°
The Hilbert-Einstein equations can be used to describe Riemannian space with both posi-
tive and negative curvature. In general relativity (GR), the Hilbert-Einstein equations are de-
rived from the stationarity conditions of the Hilbert-Einstein action functional.

S=[ Lieodx=[ (R-A+L,)Jo(x)d (3)

At first glance, using the Hilbert-Einstein equations to analyze the geometry of perceptual
space and calculate its metric tensor appears unjustified. Moreover, four - dimensional space,
time, and the signature of Minkowski's pseudo-Euclidean space, characteristic of the Hilbert-
Einstein equations in general relativity (with pseudo-Riemannian space), are not used in our

case. However, there is a circumstance that justifies this approach. Equations of the Hilbert-
Einstein type are quite universal and are used not only in general relativity but also in infor-

mation geometry, where the metric tensor is the Fisher information matrix F; e R™" (a tensor

in the space of probability densities of a random distribution p(u,#)), which has the form:
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An asymmetric dlstance between two probability densities in the same parameter space
can be introduced using the Kullback-Leibler measure, sometimes also denoted as cross-

entropy: KL(f,g)=E, (In(f(x)/g(x))) :I (Ln(f(x))—(Ln(g(x)) f (x)dx. The Kullback-Leibler

measure for small distances between distribution densities is described by the Fisher infor-
mation matrix KL(p(6, +A8), p(6) =~ F, AG,AG, .

As shown in [13] for this metric tensor one can obtain an equation of the type (2)
R“(0)-1/29*"R(0) +T*" () =0. Analogies between the Hilbert-Einstein action and the Fish-

er information measure are also considered in [14,15] . It should be noted that the Fisher ma-
trix is the inverse covariance matrix and belongs to a Riemannian space with non-positive
curvature, which does not correspond to either general relativity or perceptual space.
Unfortunately, the nature of the tensor on the right-hand side (analogous to the energy-
momentum tensor) is not specified in these works (in [13] It is designated as "some statistical
restrictions"). In our opinion, they can be considered as some a priori information about the
metric. If we assume that the geometry of the perceptual space depends on the objects dis-
played in it, then the a priori information about them plays a role similar to the energy-




momentum tensor. Moreover, the a priori information influences the metric tensor and the

curvature globally, even where T*” =0 (similar to gravity).

When processing information that occurs during projection onto perceptual space, the use
of Fisher information and information geometry appears quite natural [16-18]. In particular,
in [17] it is shown that the information geometry approach (using the Fisher matrix as a met-
ric tensor) is also applicable to the analysis of the operation of neural networks in processing
visual information. In this work, perceptual space is denoted as “visual space” and is consid-
ered as a statistical parametric space whose geometry is determined by the metric tensor de-
fined by the Gaussian distribution. In this case, the curvature of the space turns out to be
negative. The corresponding expressions for the Christoffel symbols are given in [19].

It should be noted that the Fisher matrix is defined in a parametric space of sufficiently
high dimensionality. Therefore, if it corresponds to neural networks modeling the human
brain, then our three-dimensional perceptual space is not a consequence of our brain's archi-
tecture, but rather a consequence of its training with three-dimensional samples. By training
with multidimensional samples, difficulties in our perception can be reduced or overcome. As
an example, consider the computer games HyperRouge (2011) and Hyperbolica (2022),
which train our perception using images from a Riemannian space with negative curvature.

Unfortunately, when solving Hilbert-Einstein type equations and subsequently coordinat-
ing the resulting solution, a huge number of both fundamental and technical difficulties are
encountered, as shown in works on general relativity [20]. Using the known Jacobian matrix,
J;; =0u; /0x; one can construct coordinates using du; = du, / ox;dx;. However, it is impossible

to construct coordinates using a single metric tensor g,,(x,Y,z), and the construction of a

metric tensor for the Hilbert-Einstein equation itself is very nontrivial. This is due to the fact
that 10 Hilbert-Einstein equations in General relativity contains 14 independent quantities,
and for closure, 4 additional equations (“coordinate conditions”) are required. Moreover,
thanks to the Bianchi relations [2 0] 4 more additional equations will be required. It should
also be noted that equations of this type can have singularities and contain non-trivial phys-
ics, often requiring significant effort to interpret. In the interesting case of two-dimensional
space, the Hilbert—Einstein equations are degenerate (the Hilbert—Einstein tensor vanishes,
since in this case R; =1/2Rg;.

Because of the difficulties listed above, there is no hope that B. Rauschenbach’s idea [10]
The modeling of perceptual space using Hilbert-Einstein -type equations will be implement-
ed, is quite weak. The main reason for this form of equations is the choice of the Lagrangian
density in the Hilbert-Einstein action. It is determined by the scalar curvature (the Ricci sca-
lar, scalar), since the scalar curvature by Vermeil's theorem (Vermeil ' s Theorem) is the only
invariant that is linear in the second derivatives of the metric tensor and suitable for con-
structing a dynamic metric. Within the framework of a metric defined by dynamic infor-
mation about an object, solving the Hilbert-Einstein equation is impossible (unless one re-
sorts to more complex Lagrangians). However, the search for simpler approaches to modeling
a Riemannian space of variable curvature (with simpler Lagrangian densities and simpler
equations) appears promising. In particular, in the practice of computational aerogasdynam-
ics (when constructing a computational grid), a coordinate transformation satisfying a certain
functional of the metric tensor (without its derivatives) is often implemented. Instead of solv-
ing Hilbert-Einstein -type equations, Winslow equations (or similar ones) are solved, defining
both the coordinate transformation and the metric coefficients. In the standard version
(problems of aerogasdynamics), these equations define the coordinate transformation in Eu-
clidean space. However, in the language of general relativity, the solution of the Winslow
equations corresponds to the construction of harmonic coordinates in Riemannian space.

Winslow -type equations allow one to construct a curvilinear coordinate system, in some
cases corresponding to Riemannian space. In some works, the coordinization of Riemannian
space is accomplished by solving the Beltrami equations [21, 22].



Here we will consider the possibility of constructing coordinates in Riemannian space us-
ing the Winslow equations with source terms and the Beltrami equations.

4. An approach to constructing perceptual space using
functionals depending on the metric tensor

In works on aerogasdynamics [24, 25, 26], the transformation of coordinates from physical
space (two- or three-dimensional Euclidean) to computational space is often used to con-
struct non-uniform computational grids. Here we will consider the two-dimensional case,
with the physical plane (x,y) (x) is transformed into the computational plane (&,7) (u;) by
solving the Poisson equation with source terms. Let us consider the use of the Winslow func-
tional [26, 27, 28]

X+ YEHX +Y, +
= (o +g)dcdy=[ (& +& +nl +m)ix-dy=| =t Sdedy = | g“ 922 fEstan. )

It ensures maximum smoothness of the transformation and at the same tlme prohibits the
vanishing of the Jacobian J (and the corresponding metric tensor) and the degeneracy of the
corresponding transformation. Transformations of derivatives in (5) [28] are obtained from
the relations x(£(x, y),n7(x,y)) =X, y(&(Xx,¥),n7(X,y)) =y, which are differentiated by x, y .

Let's add potential to the standard statement of the functional ®(&,7)

1(&,808,) =112] (& +& +n] +n] +®(&n))dx-dy (6)
and let's consider its variation
ol =I (§,08, +&,08, +n.0m, +1,0n,+00(5,n) 1 0& -6 +0®(E,n) [ 0n - 6m)dx-dy . (7)

Let's integrate (7) by parts
= [ a(&)) 0,008 1 ox+0(&]) 10,004 | By +00 | 0E5E)dxdy +

+[ 02y 1 om,00m 1 ox+0(n}) | on,00m | by +0© | dndn)dxdy =

[ (&o-05+&,-06-0010&-58)dx-dy—[ (1, -On+n,,-5n—00]dn-Sn)dx-dy .
The corresponding Euler-Lagrange equations have the form of Poisson equations with
nonlinear sources (in the standard version, weights P,Q are added artificially)

Sutéy =P(En)=00(5, 1)/ 08 )
Mo 11y, = QE,1m) = 00(&,m) O
Next, the variables (&,77) are taken as independent and (&,7) the system is solved on a uni-
form grid
Xee = 28X, + VX, = ~J? (Px, +Qx,)

Y _Zﬁygy] VY, = -J? (Pyg +qu)
The system contains distributed sources and allows for the calculation of coordinates (X, y)
at the nodes of a uniform grid (&, 7). It uses a metric tensor, which has a form corresponding

to the Euclidean metric.
The source term in (8) and (9) is used in the form

P =Q =bxsign(& - &) xexp(-d{(£ - &)’ + (7 -17,)°}"*) , (10)

which allows the grid nodes to be compressed in physical space (x,y) around the points
&= 50 =1 -

In our simplest (two-dimensional) case, the variables (&,7) correspond to the original co-

ordinates obtained by a simple plane section. The variables (x,y) correspond to the trans-

formed coordinates, but the grid in which the function is defined will no longer be uniform.
The functionality is also quite popular

(9)



| =1/2[ (G, +0y)dédn = [ (¢ +y2+x +yl)dédn, (11)
which specifies the Cauchy-Riemann conditions (x. =y, );(x, =-y.) in variational form
through j ((x: —y,)* +(x, +y:)")d&dn =j (X2 +y:+x;+y;)dédny and is called the “length”
functional. The equations expressing the stationarity of the "length" functional have the form

Xee X, =0 (12)
yé’f + yrm =0
Another form [23] the “length” functional is
g G - s 1
1 =1/2f (%+%)dfdn=1/2j Q.1+ Pg) g décl (13)

Here P(&,77),Q(&,7n7) are the positive functions that ensure grid densification in the selected
zones J = \/6 =1/ (PQ). The corresponding equations take the form

Xy vy 20, 9 4y -
(P)§+(Q),7 0, (P)¢+(Q),, 0. (14)

Above the Winslow and length functionals, other functionals [24] directly related to the
components of the metric tensor are sometimes minimized when constructing a grid. These
include the orthogonality functional, the area functional, and Liao.

Orthogonality functional

| =1/2[ (G, (&m) dédn =] (x.x,+y,y,) dédn = [ (,& +n&) Jdxdy, (15)
(I:j (ny§y+77X§X)25dxdy obtained taking into account xg,:jny, y{;:—jnx, xn:—j/:y,

y, =J&,, dédn =dxdy/J)).

It vanishes the off-diagonal terms of the metric tensor. According to [29] the correspond-
ing Euler—Lagrange equations are quasilinear, adjoint, and non-elliptic. The solution often
does not converge, and when it does, the resulting meshes are folded.

Functionality of the area

| =1/2[ J*dedn=1/2[ gdédn=[ (x.y,—-x,y.)dédn. (16)

According to [24, 29] the corresponding Euler-Lagrange equations are quasilinear, conju-
gate, and non-elliptic

ijécf =X Yy Ye _2y§yﬂxﬂ +(X§yn + Xﬂyé)ys‘rz + y;X,m XYYy = 0

Y Yie =%, Yy Xee = 2XeX, Ve, (XY, + X,V )X, + XK, = X,YX,, =0
According to [29] there are no results regarding the existence and uniqueness of these
equations; the solutions are not smooth and have folds.
Liao functional (Frobenius norm of the metric tensor)

1 =1/2[ ((§u) +2(8,,)* +(§,,)")dédn =1/2[ §,g,d&dn. (18)

The stationarity conditions for these functionals are second-order partial differential equa-
tions, some of which are fairly easily solved in practice and allow for the transformation of
Cartesian coordinates into curvilinear ones and vice versa. Some functionals (area, orthogo-

nality, Liao) generate solutions containing folds. Sums of these functionals are sometimes
used as a remedy [29].

(17)

5. Construction of conformal coordinates and the Beltra-
mi system

In the works [21,22] for the two-dimensional case the construction of a coordinate system
realizing a given Riemannian metric by means of the solution of the Beltrami system is con-
sidered system)



OX: =—0Y: +011Y,, OX, =—0xY: +01,Y,, g° = 01192 — 9122 . (19)
Having expressed
_ —0LV t gllvy U = —0,V, + ngVy

u, . >Uy . , (20)
-0, NV, — 9,V + 0y NV, + 0,V
and then differentiating (20) Uy, = 2y =~ DizVy * Guay ¥y * iy —g—‘;,
g g
—0,,,V, =0,V + 0, V, + 0,V
U, = Iz2.xh = DaaVo T Shaaly + Szl _g_z , we get the opportunity to eliminate one variable (u),
g g
subtracting the expressions for the cross derivatives
9x—9

OV — 2912ny + gllvyy + (gzz,x - g12,y)Vx + (gll,y - glz,x)vy += X =0. (21)

The solution of this equation allows us to calculate v(x,y), then having a field u,,u, we
calculate u(x,y) by integration. In the numerical calculations, we used the a priori im-
portance function 6(x,y), in which the distance deformation 1is written as

2 2 2 .
ds® = g;,0%;0X%, =6(X, y)(dx* +dy°) and yields the tensor components g, =6, g, =6, g, =0.
dx? + dy?

——— », suitable for Rie-
(1+5(x* +y%))

In the works [21,22] a fairly universal form is used ds®=

mannian spaces with both negative and positive curvature.
Using the Beltrami system of equations allows for the simplest method of constructing co-
ordinates in Riemannian space, but is limited to the two-dimensional case. Winslow -type

equations are more universal in this regard, but interpreting the functional (5.1 in terms of
information is difficult.

6. Importance function

If we focus on coordinate transformations of the type (9), (10), our primary interest is in
determining the form and meaning of the source terms (P,Q). They can be related purely to
the geometry of space or to the properties of the function. The analog is the adjoint function
w(X,Y,z,u,v,w), which allows you to visualize the areas, where a function f(x,y,z,u,v,w) as
the greatest impact on valuable functionality. In the case of w(x,y,z,u,v,w) >0 The adjoint

function can be associated with the metric tensor y ~J = \/6 , which provides a priori infor-
mation about the function's zones of influence. In particular, with the giant moon effect,
av ~ \/6 dV a priori information distorts volumes. In our case, we use the conformal mapping

dx? +dy? = p(&,7)(d&E?* +dr®) and function (11) as a priori information. By further solving the

Beltrami equations (19), we can construct a coordinate transformation similar to those shown
in Figures 3 and 4.

~. Discussion

A two-dimensional section of a six-dimensional hypercube (Figs. 1, 2) is presented in Eu-
clidean coordinates and Riemannian coordinates (Figs. 3, 4) with an a priori metric (11) and
coordinates constructed by solving the Winslow equation (10). It is more informative in terms
of displaying the volume occupied by a function compared to a standard section of a hyper-
cube by a plane. This is achieved through a non-Euclidean transformation of the visualization
space.

To a large extent, visualization comes down to mapping some physical space (usually
three-dimensional, but in some cases multidimensional (for example, the six-dimensional



space of velocities and coordinates in the Boltzmann equation)) onto a two-dimensional
(sometimes three-dimensional) intermediate space—the visualization space. The visualiza-
tion space is then mapped onto the space of perception (perceptual space), which is a three-
dimensional Riemann space with variable curvature.

Riemannian geometry of the space of perception has been confirmed by numerous modern
experiments as well as by numerous examples of medieval painting.

In modern practice, visualization space is typically Euclidean. In this paper, we examine
the possibilities offered by the Riemannian metric in visualization space and the challenges
this approach poses.

As we have already seen (Figs. 1, 2), a naive visualization of a multidimensional function
using plane sections significantly distorts the representation of the function's volume. A non-
linear coordinate transformation using the Riemannian metric allows us to correct these dis-
tortions (Figs. 3, 4).

Ideally, the visualization space should have the same geometry as the perceptual space,
which should reduce distortions when projecting from one space to the other. In the case of
two-dimensional visualization, complete elimination of distortions is unlikely due to the dif-
ference in dimensionality (artistic attempts at this are presented in [10]). In the case of three-
dimensional visualization, it is unclear how to technically construct an image in non-
Euclidean geometry. Moreover, it is unclear to what extent the geometry of the perceptual
space is universal across individuals.

Conclusion

To visualize multidimensional functions, one can use a transformed plane with a Riemann-
ian metric, where the metric tensor can be determined by the geometry and dimensionality of
the space, and a priori information about the significance of some regions.

Hilbert-Einstein -type equations to model space with a Riemannian metric is justified by
the analogy between Riemannian physical and information geometries. However, solving
Hilbert-Einstein -type equations is extremely labor-intensive and nontrivial. Instead of the
Hilbert-Einstein equations, it is easier to use Winslow -type equations or Beltrami equations
to model perceptual and visualization space.

Given that the Fisher matrix is defined in a parametric space of fairly high dimensionality,
determined by the number of neurons used, our familiar three-dimensional perceptual space
is not a consequence of our brain's architecture, but rather a consequence of its learning with
three-dimensional samples. A transition to a multidimensional space is quite possible when
learning with multidimensional samples. As an analogy, consider the computer games Hy-
perRouge and Hyperbolica, which allow us to train our perception using images from a Rie-
mannian space of negative curvature.
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