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Abstract 
A method of searching optimal nodes of approximation realized on the example of Runge 

function is proposed. The method is based on the use of interpolation algebraic curves in 
point calculus and is reduced to minimization of the target function of many variables, which 
provides minimum deviations of the approximating function from the original one. Tradi-
tionally, in the process of interpolation, the coefficients of the interpolating function are de-
termined on the basis of the initial points, which does not make it possible to ensure the 
search for the optimal location of interpolation nodes, since the coordinates of the node 
points are necessary to determine the coefficients of the interpolating function. The peculiari-
ty of interpolation curves realized in point calculation is that they are obtained by uniform 
distribution of the parameter along the numerical axis and keep the coordinates of interpola-
tion nodes in the point equation, which makes it possible to set and solve the problem of their 
optimal location by minimizing the target function. After the realization of the coordinate cal-
culation of the point equation of the interpolation curve, the final result of the approximation 
of the original function is an algebraic curve given in parametric form, which allows us to use 
the nonlinearity of space to significantly reduce the degree of the approximating polynomial 
function. For example, when using Chebyshev nodes, which are considered optimal for ap-
proximating the Runge function, at least 20 nodes are needed to achieve a high-quality ap-
proximation, which leads to the need to use a polynomial of degree 19. In this case, the MSE 
is 0.000111. Whereas for the Runge function approximation based on the optimized ar-
rangement of approximation nodes, even when using 6 node points, the MSE is only 
0.0000284, which is an order of magnitude lower compared to Chebyshev nodes and allows 
using two polynomials of degree 5 on each of the coordinate axes instead of one polynomial of 
degree 19.  
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1. Introduction 
One of the main tools for solving problems of scientific image visualization and visual analyt-

ics is interpolation and approximation. Interpolation is used for visualization of fields of various 
origins [1, 2], for fast visualization of scenes using 3D gas pedals [3], for implementation of tex-
ture compression technologies used in modern personal computers, tablets and smartphones 



[4], for visualization of results of parametric calculations in computational aerogasodynamics 
problems [5] and others. Approximation is traditionally used for numerical solution of differen-
tial equations [7, 8, 9]. In addition, it is widely used in engineering geometry and computer 
graphics [10], is used for 3D modeling of equilibrium capillary surfaces and visualization of var-
ious effects related to their stability or instability [11], for processing the results of parametric 
calculations in computational aerogasodynamics [5, 12] and other tasks. 

Among the variety of multivariate approximation problems [13, 14], it is necessary to single 
out a class of problems related to the approximation of continuous functions [15, 16]. Such prob-
lems are usually solved on a segment of functions with interpolation on uniform meshes [17]. 
The choice of uniform meshes is related to the necessity to determine in advance the interpola-
tion nodes, since they are necessary for determining the coefficients of interpolation functions. 
At the same time, in [13, 18], a method of defining interpolation curves in the point calculus was 
proposed, which preserved the possibility of choosing any interpolation nodes. The use of such 
interpolation curves opens new possibilities in approximation of continuous curves and allows 
us to formulate in a new way the problem of approximation of continuous functions related to 
the search for optimal approximation nodes by minimizing the target function, which previously 
simply could not be posed due to the limited capabilities of existing mathematical apparatuses 
of interpolation. 

2. Method of searching optimal nodes of approximation 
The method of searching optimal nodes of approximation is based on the use of interpolation 

curves implemented in the point calculus [13, 18]. The main idea of defining such curves is that 
instead of specific values of polynomial coefficients, the coordinate vectors Ak are used, which 
control the shape of the algebraic curve: 

 

where M – is the current point of the curve arc; 
t – is the current parameter, which varies from 0 to 1; 
n – is the number of interpolation nodes. 

Let us replace the coordinate vectors Ak by the nodes of the interpolation curve Mk. For this 
purpose, we assume the following condition: M=Mk+1 under uniform distribution of the current 
parameter t=k/n. It should be taken into account that the first and the last interpolation nodes 
are already defined by the initial and final points of the curve. That is A1=M1 at t=0, and An=Mn 
at t=1. As a result, instead of the parameter t at each point (interpolation node) we get its specif-
ic value. Next, we make a system of linear equations, which is solved by the Cramer method with 
respect to unknown coordinate vectors Ak, replacing them by the nodes of the interpolation 
curve Mk. The Ak expressions defined in this way are substituted into the original point equation 
of the algebraic curve. As a result, we obtain the point equation of the interpolation curve, which 
is defined by the nodes of Mk and the current parameter t: 

 

where  – polynomial functions of degree n, obtained by replacing the coordinate vectors 
Ak by the nodes of the interpolation curve Mk. 

Thus, the interpolation curve equation retains the possibility of controlling the interpolation 
nodes Mk. Passing to the system of parametric equations, for two-dimensional space we obtain: 

 

where xk+1 and yk+1 – are the interpolation node coordinates Mk+1. 
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The resulting system of equations describes the space nonlinear along the abscissa and ordi-
nate axes using two independent polynomial functions. 

Now, having the equation of curves preserving coordinates of interpolation nodes, we can set 
the problem of optimal location of interpolation nodes along the abscissa axis for approximation 
of continuous functions. For this purpose, the interpolation curve must be discretized - repre-
sented as a discrete set of points, the number of which m must be greater than the number of 
interpolation nodes n. As a result, for two-dimensional space we obtain two separate arrays of 
functions xi and yi from the interpolation nodes and the current parameter with a uniform dis-
tribution of values ti=i/m. Thus, for each particular value of ti we obtain the values of functions 
xi and yi, which depend only on the interpolation nodes Mk. 

The target function is the sum of squares of the difference of coordinates , 

where  is the function to be approximated as a variable for which an array of values de-
rived from the approximating function is used. 

Having determined the minimum of the target function, we obtain the coordinate values of 
the interpolation curve nodes optimized along the abscissa axis and the final equation of the in-
terpolation curve in vector form or as a system of parametric equations. 

In fact, the proposed method is based on minimizing the standard deviation of two functions. 
In this case, the approximating polynomial function is “trained” on the basis of the approximat-
ed function. The quality of such “training” depends on the number of points obtained by dis-
cretization of the interpolation curve. Thus, the higher the value of the number of discretized 
points of the interpolation curve m, the higher the quality of approximation and, at the same 
time, the higher the computational load. As computational experiments have shown, this de-
pendence is not linear and even at small values of m it is possible to obtain high-quality approx-
imation results at low computational costs. 

3. Results of computational experiments 
For computational experiments, the Runge function is chosen to be defined on the segment 

[-1,1]: 

 

To approximate the Runge function, an interpolation curve in nonlinear two-dimensional 
space passing through 6 interpolation nodes Mk is used, which is defined by the following point 
equation and reduced to a system of two homogeneous parametric equations: 

 

where xj and yj – are the coordinates of 6 interpolation nodes ( ); 
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 – parameter of the interpolation curve, which varies from 0 to 1; 
 – addition of parameter t to 1. 

The values  are calculated from the original Runge function: 

 

Then we compose and determine the minimum of the target function: . To 

conduct computational experiments, the value of m=100. 
Of the 6 interpolation nodes, the first and the last one has already been determined based on 

the conditions: , . It remains to calculate the coordinates of the 4 nodes: 
 so that the deviation of the approximated polynomial function from the approxi-

mating function is minimized. 
The calculations were performed in the Maple computer algebra system. The NLPSolve 

command from the Optimization package was used to minimize the target function. As a result, 
the optimal coordinates of the nodes of the Runge function approximation on the abscissa axis 
were determined: 

 
The final equations of the approximating function in nonlinear two-dimensional space are 

represented as the following system of parametric equations: 

 

As can be seen from the obtained system of equations, two polynomials of degree 5 on each of 
the coordinate axes were used to approximate the Runge function. Let us perform a visual com-
parison of the graph of the approximated Runge function and the approximating algebraic curve 
of the 5th order in nonlinear space (Fig. 1). 

 

 
Fig. 1. Visualization of the graph of the Runge function (red) approximated by a 5th order alge-

braic curve in nonlinear space (blue) 
 

For visual comparison of the obtained results, let us present the graph of Runge function ap-
proximated by Lagrange polynomial with uniform distribution of interpolation nodes (Fig. 2) 
and using Chebyshev nodes (Fig. 3), which are considered optimal for approximation of Runge 
function. As can be seen from comparing Figure 1 with Figures 2 and 3, existing methods of ap-
proximating the Runge function are significantly inferior in accuracy to the proposed method of 
searching optimal nodes of approximation. 
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Fig. 2. Visualization of the graph of Runge function (red) approximated by Lagrange polynomial 

with uniform distribution of interpolation nodes (blue) 
 

 
Fig. 3. Visualization of the graph of Runge function (red) approximated by Lagrange polynomial 

using Chebyshev knots (blue) 
 

According to the calculation results, the mean square error of approximation (MSE) was only 
0.0000284, which is confirmed by comparing the graphs of the functions shown in Figure 1. For 
comparison, the MSE of the 5th order interpolation curve based on 6 Chebyshev nodes is. To 
achieve MSE=0.0000253 of the curve based on Chebyshev nodes, comparable to the mean 
square error based on the method of determining the optimal location of the approximation 
nodes, it is necessary at least 23 nodes, which leads to the need to use a polynomial of degree 22 
and significantly increases the complexity of calculations, requirements for rounding polynomial 
coefficients and complicates the possibilities of their practical use. Such a high quality of ap-
proximation at a minimum value of nodal points is ensured by the fact that the approximating 
curve is defined in a nonlinear space, preserving nonlinearity both along the abscissa and ordi-
nate axes. This suggests that even more efficient approximation can be achieved for spatial in-
terpolation curves in multidimensional space. 

We also conducted computational experiments to determine the optimal approximation 
nodes for various interpolants in the form of algebraic curves passing through predetermined 
points. As a result, we can analyze the trend of the MSE of the method of searching optimal 
nodes of approximation of continuous functions taking into account the nonlinearity of space 
depending on the number of approximation nodes (Table 1). 
Table 1. Dependence of MSE on the number of approximation nodes 

Number of 
nodes 5 6 7 8 9 10 11 

MSE 0,00096
3 2,84E-05 5,14E-07 1,01E-08 8,15E-10 2,67E-08 4E-09 



As can be seen from Table 1, up to 9 nodes there is a stable growth of approximation accuracy 
and its insignificant decrease when using 10 and 11 approximation nodes. This is due to the limi-
tation of the used numerical method of minimizing the target function by the number of itera-
tions. Nevertheless, the MSE values remain at the level of 10-8 and below, which indicates a very 
high quality of approximation and efficiency of the proposed method. 

Let us compare the proposed method with the research results of other authors. In [19], a 
special algorithm based on the wavelet transform was implemented, which provided quasi-
interpolation of the Runge function by the singular wavelet method with a uniform arrangement 
of interpolation nodes on the interval [-1, 1]. To achieve a qualitative result, 13 points were 
needed, which is also inferior to the proposed method in terms of the number of approximation 
nodes. In [20], adaptive radial basis functions were used to approximate the Runge function on 
the interval [-1, 1]. To achieve MSE=0.000017 comparable in accuracy with the proposed meth-
od, 47 interpolation nodes were needed instead of 6. At the same time, 83 nodes were needed 
for accurate approximation with MSE at the level of 2.6E-6. 

In [21] the possibility of using neural networks for approximation of Runge function on the 
interval [-2.5,2.5] was investigated. Let us apply the method of searching optimal nodes of ap-
proximation of continuous functions taking into account the nonlinearity of space to approxi-
mate Runge function with new boundary conditions. 

 

 
a) 

 
b) 

Fig. 4. Visualization of the graph of the Runge function (red) on the segment [-2.5,2.5] approxi-
mated by an algebraic curve in nonlinear space (blue): 

a) 5th order curve passing through 6 interpolation nodes; 
b) 6th order curve passing through 7 interpolation nodes 

 
When approximating the Runge function on the segment [-2.5,2.5] by a 5th order algebraic 

curve passing through 6 interpolation nodes, the mean square error was 0.0005587. And when 
using the 6th order curve passing through 7 interpolation nodes, MSE=0.00001936. As can be 
seen from the obtained results (Fig. 4a and 4b), the efficiency of the proposed method is higher 
when the number of approximation nodes is much smaller. In [21], 500 points were used to ap-
proximate the Runge function by a neural network with 1 neuron on the input layer, 3 neurons 
on the hidden layer and 1 neuron on the output layer trained on 25 epochs. While for the realiza-
tion of the proposed method of searching optimal nodes of approximation in nonlinear space 
only 6 and 7 nodes were needed, respectively (Fig. 4a and 4b). 

4. Conclusions 
The advantages of the proposed method for optimizing the location of approximation nodes, 

in addition to low values of the MSE, include the fact that the method is stable to an increase in 



the number of nodes. This is explained by the specificity of the method itself, which each time 
optimizes the location of approximation nodes, adapting to the function being approximated. In 
this case, there is no undesirable effect of oscillations of the polynomial function, which is con-
firmed by the Runge example. Another advantage is a significant reduction in the degree of ap-
proximating polynomials compared to other approximation methods without the need to use 
piecewise functions for approximation. 

The disadvantages of the proposed method include the fact that it is implemented using nu-
merical methods to find the minimum of the target function, which largely depend on the quali-
ty of the choice of the initial approximation. More research is required to ensure the robustness 
of the proposed method to the minimization of the target function. At the same time, the pro-
posed method has shown high stability with respect to the increase of approximation nodes. It is 
sufficiently universal and can be an effective tool for approximating any continuous functions, 
as well as experimental data sets of any origin. 

Since the curve is the main form-forming tool of geometric modeling, the proposed method of 
searching optimal nodes of approximation of continuous functions taking into account the non-
linearity of space has great prospects for increasing the number of variables of the approximat-
ing function to approximate geometric objects, processes and phenomena with complex geomet-
ric shape using continuous functions without the need to use piecewise functions. Such curves 
can become an effective tool for describing the internal structure of space for modeling isotropic 
and anisotropic geometric bodies as a distinguished part of space [22]. The search for effective 
methods for minimizing the target function of many variables and computational experiments 
on approximation of various continuous and piecewise functions are also a prospect for further 
research. 
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