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Abstract 
One of the principle conditions of a wave attractor appearance is a periodic external forc-

ing. Real forcing in natural basins caused by tidal interaction is more complex than a mono-
chromatic which is usually used in internal wave attractors investigations. Multi-frequency 
forcing may lead to the multiple wave attractor formation, some of them may be of low ener-
gy, which affects their detection. In the article we simulate a mixed forcing for an internal 
wave attractor flow and visualize subattractor formed due to this forcing type using several 
methods, including Proper Orthogonal Decomposition. It is shown that the latter method re-
veals sub-attractor even in case of highly turbulent flow.  

  
Keywords: wave attractor, mixed tides, visualization, POD. 

 

1. Introduction 
Wave attractor is a peculiar phenomenon of internal and/or inertial wave self-focusing in 

stratified/rotating fluid in a specific geometry. The main feature is that instead of standing 
modes there are running waves in the closed domain leading to the waves’ energy accumula-
tion. The necessary conditions for internal wave attractors appearance are: a slope, periodic 
external forcing and vertical stratification [1]. Since their discovery in 1995 they were thor-
oughly studied both experimentally [2, 3, 4, 5, 6, 7, 8, 9, 10] and numerically [11, 12, 13, 9, 14, 
15, 16, 17]. The comparison shows [11, 18] that both methods yield quite close results, which 
allows the numerical simulation to be widely used for investigation of wave attractors flows. 
Field observations managed to detect a natural attractor [19, 20]; its numerical reproduction 
[21] verified the approach used for numerical simulations. The issues of the wave attractor 
detection are connected with the energy overpumping [22] into a basin which turbulizes the 
flow making an attractor hidden beyond the turbulence. However, even invisible, an attractor 
can radically affect the flow and kinetic energy accumulation [16], and hence be itself a source 
of turbulence. 

The mechanism of internal wave attractors formation lies in a specific dispersion relation 
which caused by the vertical stratification [1]: 
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  is a buoyancy frequency, 𝜔 — wave beam frequency, 𝜃 — angle with the 

vertical direction. The dispersion relation does not depend on the wave number on the fre-
quency only, yielding the reflection law that conserves angle with vertical axis (along the grav-
ity) rather than incidence-reflection angle. In terms of numerical simulation it can be used for 
attractor prediction at the given frequency. However, it should be noticed that equation (1) 



was derived for inviscid linear liquid (omitting quadratic convective and viscous parts in Na-
vier-Stokes equation), and the figure obtained by this method should be considered as an at-
tractor’s ”skeleton”, whereas the non-linear nature of the Navier-Stokes equation will have an 
impact as a turbulence. 

The most of works on the attractors were concentrated on monochromatic external forcing 
hence it originates from the tidal interaction that is sine-like, despite both the experimental 
setups [23] and numerical simulation allow to provide a wide range of external forcing on the 
system. To study how the tide shape can influence on the attractor flow we chose mixed semi-
diurnal tides [24, 25, 26, 27, 28] that have different height of low end high tides (minima and 
maxima of the sea level, see further Fig. 2). While the simulation we will set the forcing in an 
approximated form representing the main features of this tide type. 

As the forcing is not monochromatic, there is an option for the appearance of sev-eral at-
tractors simultaneously. The non-monochromatic forcing for two close external force fre-
quencies for an attractor flow was studied in [29], where such a possibility was verified; in 
that investigation the intensiveness of sine forcing modes was of the same order without any 
link to the real tide form for the biharmonic attractor be clearly seen. In our case, minor forc-
ing harmonics will have lower amplitude than the main one, and the attractor forming on one 
of them will be hardly distinguishable in the presence of the main structure. To reveal it, sev-
eral methods will be used and compared. 

2. Numerical setup 
The problem is solved in 2D setup following [18, 11, 12] to save computational resources; 

for the domain an orthogonal trapezium was used as represented on Fig. 1. This geometry ful-
ly satisfies the attractor formation requirements [1] and is widely used for attractor studies 
[12, 9, 15]. 

Another necessary condition is a periodic forcing [1]; in nature it is tidal force, but experi-
mentally it is provided by a wave maker [23] producing a border periodic perturbation in a 
given shape by a system of shafts and eccentrics [30, 31]. Following the experiment we use 
the latter approach; in our problem the wave maker is situated on the top side since its posi-
tion is not crucial [32, 17]. 

 

 
Figure 1: Problem domain 

 
The equation system to be solved consists of the following: Navier-Stokes equation in 

Boussinesq approximation 
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salt transition equation: 
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𝜌	 = 	𝜌' 	+ 	𝜌( (4) 
and continuity equation (for incompressible flow): 

div	𝑣 = 0 (5) 
where  𝑝7	 is a pressure without its hydrostatical part 𝑔𝜌', 𝜌' is a fresh water density, 𝜌( — 
dissolved salt density, 𝜆( is a salt diffusivity. 

In what follows x-axis is directed along the lower trapezium base, y — vertically (Fig. 1). 
The gravity is against the y-axis. 
Wave maker as it was said above is on the top side; hence its influence will be de-scribed as 

the upper border condition. The mixed semidiurnal tide is introduced as a sine with an enve-
lope oscillating on a half frequency: 

𝑠(𝑥, 𝑡) = 𝑎 sin(𝜔)𝑡) sin(2𝜋𝑥/𝐿) (6) 
where 𝑠(𝑥) is an upper border profile, 𝑎 is a forcing amplitude and ω0 is a particular frequen-
cy; 𝛼* governs the difference between low and high tides. Such a shape of the profile was se-
lected to represent the main properties of the mixed semidiurnal tide – two high and two low 
tides with different heights, as seen on Fig. 2. 

Small forcing amplitude respectively the domain size allows to rewrite upper boundary 
profile condition (6) into a form of a velocity condition and to solve the problem in a con-
stant-shape domain: 
𝑣⃗|&+, = 𝑠̇(𝑥, 𝑡)𝑒&

= 𝑎𝜔)sin	(2𝜋𝑥/𝐿)[cos(𝜔)𝑡) − 1.5𝛼* cos(1.5𝜔)𝑡) + 0.5𝛼*cos	(0.5𝜔)𝑡)]𝑒& (7) 

On the other borders we set 𝑣|- = 0. 
 

 
Figure 2: Tide profile (6) principal shape 

 
For the salinity the impermeability condition 𝜕𝜌/𝜕𝑛 = 	0 was used on all theboundaries.  
 
The initial salinity distribution was linear:  

𝜌'|.+) 	= 	𝑔'(𝐻	 − 	𝑦), 
smoothed in the near-border regions in order to satisfy the impermeability condition. 𝑔' (’g’ 
for ’gradient’) was selected form the buoyancy frequency N (which is constant in case of linear 
profile): 

𝑔' = 𝑁/ 𝜌'
𝑔  

In our case we used 𝑁	 = 1	s−1. 
Hence external force is periodic, we introduce a non-dimensional time 𝑡/𝑇)	(𝑇) 	= 	1/𝑓),

𝑓) 	= 	𝜔)/(2𝜋)). Also we will refer to attractors in (n,m) notation following [2], implying the 
attractor hasn reflection from horizontal and m from sides (vertical/slope). 

 



 
Figure 3: Ray tracing, 𝜔	 = 	𝜔) 

 
Figure 4: Ray tracing, 𝜔	 = 	1.5	𝜔)	

 
As the presence of two attractor simultaneously is wanted, they can appear only on differ-

ent frequency. Boundary perturbation in form (6) provides triple frequency forcing; thus, at-
tractors will appear on some of these frequencies. 

To select basic frequency ω0 properly (i.e. so that either 0.5𝜔) or 1.5𝜔) has also an attrac-
tor) we ran ray-tracing procedure [2] which predicts internal wave beams propagation basing 
on the dispersion relation (1). It was found that for 𝜔) = 0.565 s−1 there is an (1,1) attractor 
and on 1.5𝜔) = 0.8475 s-1 there is (2,1). We remind that an (n,m)-type attractor is that withn 
horizontal beam reflections and m vertical ones. 

Despite ray-tracing prediction, it should be taken into account that, first, it derives from 
dispersion relation that omits non-linear effects, and second, real liquid is viscous that tends 
to widen attractor beams as ∝ 	𝜈0/2 [32]. For this reason we simulate a strictly unturbulent 
(”laminar”) flow regime with small external force amplitude (𝑎) = 0.0001 cm) in liquid with 
reduced viscosity (1000 times less than real water, i.e. 1 × 10−5 cm2/s). Such small parameters 
in numerical experiment are justified hence real attractors are subject to scale effects [32] 
which are regulated by domain sizes and viscosity. 

After the external frequency determination we ran numerical simulation. The problem was 
solved using spectral element package Nek5000 [33] providing high order of accuracy on a 
48x48 spectral element grid with constant time step following [34, 35]. For the post-
processing python3 was utilized. 

3. Numerical simulation and POD decomposition 

3.1. Computational results 
Fig. 5 shows vertical velocity component 𝑣&	spatial distribution in steady attractor regime. 

The main (1,1) attractor is clearly visible and corresponds the ray-tracing pre-diction (Fig. 3); 
along with it there is another (2,1) attractor visible on the background. Its shape reminds the 
structure from Fig. 4, but its intensiveness is much lower than that of the main attractor. As 
the external forcing amplitude was small, the flow is almost unturbulent which is the point 
why the substructure is visible. If we has simulated the turbulence would be much greater, 
which could perturb even the main attractor structure [36, 16, 17] — in such case the suba-
tractor will be hardly distinguishable on a turbulent background and would require additional 
tools for extraction and visualization (as we will show below).  



 

 
Figure 5: 𝑣& snapshot, 𝑡	 = 	200𝑇) 

 
Before we immerse ourselves into substructure visualization issues in order to take a closer 

look at the flow regime formed it is reasonable to consider the kinetic energy given by a for-
mula: 

𝐸 =
1
2W𝜌𝑣

/𝑑𝑉 (8) 

As in this form energy will depend on external force amplitude and frequency as well as on 
the vessel volume even in the absence of scale effects, it is reasonable to consider the follow-
ing value called relative kinetic energy: 

𝐸Z = 𝐸/𝐸3 , 𝐸3 =	1 2[ 𝑎/𝜔)/𝑀, (9) 
where 𝑀	 = 	∫ 𝜌𝑑𝑉 is a full water mass. Wherein Ew has a physical sense of the energy ampli-
tude of a vessel oscillating with the same amplitude and frequency with a tank as a rigid body. 

The interesting feature of this multi-attractor flow is the kinetic energy temporal behav-
iour. Usually laminar attractors have steadifying time of ∼ 	30𝑇) for this geometry type [16], 
but here is a range 20𝑇) 	− 	150𝑇) of ”slow growth” of the energy (slow comparatively with 
conventional sharp growth, as in the very beginning, at 0	 − 	10𝑇)). It is known that (n,1) at-
tractors steadifying time grows proportionally to n [37], and subattractor is of (2,1) type while 
the main attractor is (1,1); howbeit, it can hardly explain the energy behavior hence the subat-
tractor energy is more than 10 times less than that of the main structure (see section 3.3, Fig. 
12-13).  

 

 
Figure 6: Unusual behaviour of relative kinetic energy 

 
To comprehend the multi-frequency attractor behavior we calculated 𝑣& spectrum (Fig. 7). 

The temporal spectrum was made for steady attractor regime, 200𝑇) − 350𝑇) and averaged 
over a square vicinity of the point x = 30 cm, y = 25 cm situated on a main attractor beam 
near that of the subattractor. The spectrum plotted on Fig. 7 has main peak of f0 correspond-
ing the main (1,1) attractor, triadic resonance instability peaks and minor forcing peaks 0.5𝑓) 
and 1.5𝑓). The latter two have different height, hence the second one corresponds to the sub-



attractor and accumulates energy (not at the same rate as the main attractor, the accumula-
tion is sufficient) — while 0.5𝑓) does not form an attractor and hence does not accumulate en-
ergy as on 1.5f0. The instability peak on the left (∼ 0.42𝑓)) turns out to be even higher because 
its mother wave is that of 𝑓) with the maximum energy. 

 

 
Figure 7: 𝑣& spectrum. Triple frequencies are marked red 

3.2. Spectrum filtration 
As soon as the subattractor exists on its own frequency 1.5𝑓), it seems reasonable that the 

attractor can be visualized by frequency filtration. 
The procedure is following: one make a Fourier transform of the flow over the time axis, 

multiplies by a filter function and finishes with inverse Fourier transform: 
𝑢4 	= 	𝐹𝐹𝑇50	c𝑊(𝜔)𝐹𝐹𝑇	(𝑢)e,	

where 𝑢 is a function to filter, 𝑢4  — filtration result, 𝑊(𝜔)	— window function. 
To obtain subattractor the filtration should be made over 1.5f0. The symmetric round-box 

filter was used in order not to widen the spectral peak; although using spe-cial filters like 
Hanning, Blackmann or Batrlett (triangle) window did not influence the result. As the minor 
external force peaks are weak, they can be interfered by the bearing instability (see Fig. 7); 
thus the filter should be narrow enough. In this particular case its width was 0.011 Hz, or 
0.13f0. It is the maximum width for clear subattractor visibility; the wider filtration leads to 
the interference with the main attractor. 

Fig. 8 shows the filtered spectrum part with the whole spectrum on the background. The 
spectrum was made over the steady regime time range, 200T0–350T0. The subattractor fil-
tered is visible on fig. 9. 

 

 
Figure 8: Spectrum and its filtered part over 1.5𝑓) 

 



 
Figure 9: Flow filtered over 1.5𝑓) 

 
Despite the suitable result, this method can be more complicated in real investigations. 

Subattractor’s spectral peaks are distinguishable but can be confused with turbulent ones and 
require to now their exact position. Here, we simulated a qualitative form of the tide and 
knew in advance where the additional peaks will be. Real tide is usually more complex, and 
tidal modes may not be so monochromatic, which complicates the problem of subattractors 
identification. 

3.3. POD 

 
Figure 10: selected POD coefficients 

 

 
Figure 11: Selected coefficients spectrum 

 
Another way for subattractor detection is a POD decomposition modes. We used POD de-

composition [38] that represents the flow data as follows: 
𝑢(𝑡, 𝑥, 𝑦) 	≈g𝛷6(𝑥, 𝑦)𝑇6(𝑡)
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Herewith 𝛷6 functions are called spatial modes, 𝑇6 — temporal coefficients. The modes 
gathered will be spatially orthogonal, which make the decomposition to be an analogue of 
Fourier decomposition with automatic basis selection. 



To obtain an adequate result the decomposition requires enough time slices (snap-shots). 
In the problem considered it was made over a steady-attractor time range, 200𝑇)– 	350𝑇), 
with 3336 snapshots. 

First two POD modes correspond the main attractor on frequency 𝑓). It is two modes (Fig. 
12) hence there are travelling waves on the attractor, and a travelling wave is de-composed 
into two modes. Their temporal coefficients have the same spectra but shifted on π/2 by 
phase, thus we plot only one of them (Fig. 10). However, their energies slightly differ because 
of presence of the standing component on the same frequency (there is a standing way com-
ponent which is proved by energy oscillation, Fig. 6). 

 

 
Figure 12: First two POD modes: the main attractor 

 
POD decomposition allows to observe a subattractor formed on 1.5f0 frequency on Fig. 13. 

It has very low energy but still can be visible on the flow snapshots (see Fig. 5, background). 
The corresponding temporal coefficient spectrum has a peak on 1.5f0 which means that subat-
tractor frequency is automatically substracted. We emphasize that we did not take any steps 
for the selection of subattractor mode specially on a particular frequency, it was determined 
by the algorithm. 

 

 
Figure 13: POD modes: the subattractor 

 
In order to illustrate that POD successes the extraction visualizable subattractor not only 

in laminar case we made a decomposition for a turbulent case (𝑎	 = 	0.07 cm). Fig. 14 shows 
the typical 𝑣& snapshot and two attractor modes extracted from the complex flow. 

 

   
a b c 

Figure 14: Turbulent case: 𝑣& slice (a), attractor (b) and subattractor (c) modes 
 
As follows from [16], if the attractor is not visible it does not mean it is immaterial. In or-

der to more illustrate the capability of the POD-based visualization we provide here the illus-



tration of the extremely low-energy attractor. We simulate the flow with 𝜔) = 0.419 s−1, so 
that there is no attractor at the 𝜔) and (1,1) attractor at 1.5𝜔) = 0.628 s−1, with very low 𝛼* 	=
	0.01 just to test if POD manage to recover (1,1) attractor mode. Additionally we complicates 
the detection by adding some turbulence (𝑎 = 0.02 cm). The resulting flow is rather turbulent 
(see Fig. 15(a)); however, there is a mode in POD shown on Fig. 15(b) with clearly visible (1,1) 
attractor. This testifies that such tool is capable to reveal deeply-hidden attracttor subflow 
even with low energy and can be successfully used for attractor detection.  
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Figure 15: Low-energy attractor: 𝑣& slice (a) and the attractor extracted by POD (b) 
 
Such approach may be useful in the area of real-basin attractor searching. Nowadays 

methods like deep-sea PIV [39, 40, 41] allow to obtain a simultaneous snapshot of a give 
plane. A set of such snapshots can be analysed to detect coherent structure like wave attrac-
tors. The present study shows that POD processing of a snapshot series may detect coherent 
structures of low enough intensiveness without special fitting. 

Also it may be helpful in internal and inertial wave attractor experimental study where PIV 
is wide-spread [42, 43, 44] and experimental setups can be finely calibrated for comprehen-
sive study of low-energy coherent structures. 

4. Conclusions and Discussions 
Wave attractor flows are capable to have additional subattractor structures if the forcing is 

non-monochromatic. The structures formed under mixed-tide condition may carry lower en-
ergy than the main structure and hence be hard to extracted. However, such subattractor in 
turbulent regimes becomes an additional source of instability and shall be taken into account. 

Such subattractors form on one of the forcing harmonic’s frequency. It is shown that if the 
frequencies are known, substructure can be visualized using spectral filtering. However, the 
procedure is slow and requires a fine tuning (which worthies it if the frequency is deter-
mined) and a narrow enough filter use. The detection problem significantly complicates if the 
forcing sub-harmonics are poorly defined, which can occur in case of experimental data stud-
ying. 

As an alternative, POD decomposition can be used for a subattractor visualization. The 
method does not require special tuning and can be use on unprepared data. De-spite the low 
energy, subattractor is effectively shown up without special efforts; its frequency will be de-
fined automatically. This method is recommended for applying on experimental data, noised 
data or in case of multi-frequency forcing. 
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